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Supersonic Turbulent Boundary Layer Subjected
to Step Changes in Wall Temperature
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An investigation has been made into the effect of a step change in wall temperature on a turbulent boundary

layer in a supersonic ¯ ow at a Mach number of 2.3.Measurements of the mean and turbulent ¯ ow® elds were made.
The results show that the relaxation behavior in general is slow except near the wall where the logarithmicbehavior

of the thermal and dynamical ® eld is unaffected. Perhaps more interestingly, it appears that the effect of strong
heating on the velocity ® eld can be explained largely in terms of changes induced in the local ¯ uid properties, and

speci® c compressibility effects appear to be small. A mixing length argument is suggested for scaling the Reynolds
stresses and the comparison with measurements of the longitudinal Reynolds stress is encouraging.

Nomenclature
C f = skin-friction coef® cient, 2s w / q eU

2
e

Ch = heat transfer coef® cient, qw / q eUeC p(Tr ¡ Tw )
C p = speci® c heat
h = enthalpy
l = mixing length
M , Ma = Mach number
Pr = mixed Prandtl number, ( s @h/ @y)/ (q@U/ @y)
q = heat ¯ ux
Re = Reynolds number
r = recovery factor
S = Reynolds analogy factor, 2Ch / C f

T = mean temperature
U = mean streamwise velocity
u 0 , T 0 = ¯ uctuating streamwise velocity and temperature
u s = friction velocity, p ( s w / q )
x = streamwise distance
y = wall normal distance
d = initial boundary-layer thickness
h 0 = scaled total temperature ¯ uctuation [Eq. (12)]
j = von KÂarmÂan’s constant, 0.41
q = density
s = shear stress

Subscripts

e = boundary-layeredge
r = recovery
s = constant stress region edge
t = stagnation condition
v = viscous layer edge
w = wall
0 = initial, undisturbed

Introduction

T HE response of turbulent boundary layers to step changes in
boundaryconditionshas been widely studied in subsonic ¯ ows
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(for a relatively recent review see Ref. 1). The step change may be
caused by, for example, a sudden change in wall roughness, surface
curvature, pressure gradient, suction/blowing, or heat transfer. The
response to the change depends on the nature of the perturbation,
but if the step is caused by a change in the wall boundary condition,
such as a sudden change in heat transfer caused by a change in the
wall temperature, the boundary layer adjusts to the new boundary
condition ® rst at the wall, and then progressively further from the
wall as turbulentdiffusiontransmits the effectsof theperturbationto
the rest of the ¯ ow. These studies have great practical interest since
step changesare frequentlyencounteredin engineeringpracticeand
in nature. From a fundamentalviewpoint, the initial responseof the
boundary layer and its subsequent relaxation to the new boundary
conditionsprovide useful information on the time and length scales
of turbulent diffusion.

For a step change in the wall boundary condition, the relaxation
process is often described in terms of the growth of an internal
boundary layer, which is the region near the wall where the ¯ ow
scales with variables based upon the new wall condition (for exam-
ple, the friction velocity and temperature based on the new level of
heat transfer), whereas the rest of the boundary layer continues to
scale on the variables based upon the wall conditions in the ¯ ow
upstream of the step change. Typically, the internal layer grows at
a rate similar to that of an undisturbed turbulent boundary layer,
that is, at a rate approximately proportional to x0.8 . The relaxation
rate, therefore, decreases with downstream distance, and in some
instances the asymptotic state may not be reached for distances on
the order of 100 initial boundary-layerthicknesses(d 0), if at all (see,
for example, the slow relaxationdownstream of a prolonged region
of convex curvature2).

To help understand the boundary-layerbehavior following a sud-
den change in wall temperature, an experiment was performed to
examine the response of a Mach 2.3 turbulent boundary layer as it
entered a region where the wall was strongly heated and isother-
mal. In the ® rst case considered, the ratio of wall temperature
to recovery temperature, Tw / Tr , was 1.5, and in the second case
Tw / Tr was 2.0. The adiabatic case (Tw / Tr = 1.0) was also studied
to establish a reference condition. To capture the relaxation pro-
cess, the response was studied over a distance of approximately
50 d 0.

At supersonic Mach numbers, few studies of these ¯ ows have
been made, but the boundary-layer response to sudden changes in
heat transfer is not well known, despite the signi® cance of such
¯ ows. Fernholz and Finley,3, 4 in their extensive review of super-
sonic ¯ ow data, list only a few experiments where heat transfer was
important, and these cases were con® ned to cooled walls where
the velocity and temperature boundary layers either had a common
origin5 or where upstream history effects were not de® ned.6 The
authors know of only one experiment with a heated, supersonic tur-
bulent boundary layer, but the central point in that study was to
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examine the susceptibility of the layer to separation in the case of
an interaction with a shock wave.7

For the purposes of comparison, the experiment by Kubota and
Berg8 is useful. They studied the effects of sudden changes in wall
roughness (smooth to rough and rough to smooth) in a Mach 6
turbulent boundary layer. For a step change from smooth to rough,
the boundary layer attained a self-preservingstate in the mean ¯ ow
at a distance of about 20 d 0 , and in the ¯ uctuation pro® les at about
30 d 0 . The relaxationfollowing a step change from rough to smooth
was somewhat slower with the mean ¯ ow relaxing over 28 d 0 and
the turbulent ® eld over 40±50 d 0 . In essence, their results were not
signi® cantly different from similar work in subsonic ¯ ow.9 , 10

Now, the case of a step change in heat transfer can be somewhat
different,due to the presenceof two internal layers:one correspond-
ing to the adjustmentof the temperature ® eld and the second formed
by the adjustment of the velocity ® eld (since we expect the friction
velocity to be affectedby the heating).These two internal layerswill
only be coincident when the Prandtl number is unity. Then we ex-
pect to see, at least initially, some differencesappearing in the usual
relationships between temperature and velocity, that is, Crocco’s
law for the mean ® eld and the strong Reynolds analogy (SRA) for
the ¯ uctuations.11 , 12

One of our principal goals is to determine what role the ¯ uid
property variations play in the response of the boundary layer to a
step change in wall temperature. We know that in adiabatic super-
sonic ¯ ows the mean ¯ ow and the turbulence intensities collapse
on the subsonic correlations when the usual velocity scale based
on the wall stress is modi® ed to incorporate the effects of varying
¯ uid temperature.11 , 13 Instead of the usual velocity scale u s , a new
velocity scale u s p (T / Tw ) is used to scale the data, and the question
is whether similar scaling approacheswill continue to be successful
when the wall is strongly heated.

Experiment
The test boundary layer was formed on the ¯ oor of the S8

wind tunnel at the Institut de Recherche sur les PhenomÁenes hors
d’ ÂEquilibre (Fig. 1). The heated section of the wall extended over
50 cm. At the pointwhere the wall temperaturechanged (x = 0 cm),
the boundary layer was typical of a zero pressure gradient turbulent
boundary layer with a thickness d 0 of approximately 10 mm and a
Reynolds number based on momentum thickness, Reh , of 4.1 £ 103.
The freestreamMach number was 2.3. The stagnationpressure was
maintained at 0.5 £ 105 Pa §1%, and the stagnation temperature
was kept constant at a nominal valueof 293 K. The wall temperature
Tw was kept constant with time (§1%).

The total temperature pro® les were obtained using a K-type. The
recovery factor was calibrated as a function of Mach number (see
Ref. 14 for details). The uncertainty in the measurement of T0 was
estimated to be less than §3 K.

Fluctuation measurements were made with a normal hot-wire
probe using plated tungsten wire (diameter of 2.5 l m, with an ac-
tive length of 0.8 mm) operating in a constant-currentmode. Data
reductionwas basedon Morkovin’s modal analysis,as developedby
Gaviglio15 and others. However, since the wire Reynolds numbers
were low (2 < Red < 20), the overheat ratios were low, and there
were signi® cant regions of subsonic or transonic ¯ ow near the wall,
it was necessary to calibrate the probe at each overheat ratio over
the entire Reynolds number and Mach number range encounteredin

Fig. 1 Experimental con® guration and coordinate system.

the experiment. Further details of the calibrationand data reduction
proceduresare given in Refs. 14, 16, and 17.

The anemometer overheat ratio was directly controlled by an
HP 1000.The time constantwas evaluatedat eachoperatingpointby
injectinga squarewave signal and analyzingthe ensemble-averaged
signal. The system is described more fully by Arzoumanian and
DebiÁeve.18 A typical frequency response of the hot wire was
200 KHz.

Analysis
Mean Flow

In a self-preserving¯ ow (sometimes called an equilibrium¯ ow),
a relationship between velocity and temperature may be derived
under the conditions that the mixed Prandtl number Prm is constant
and 0.7 < Prm < 1.0 (Refs. 19 and 20). The result is sometimes
known as Crocco’s law, and it is given by
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Furthermore, if we consider the ¯ ow in the region where molec-
ular transport processes can be neglected (y À yv ) and where the
stress is constant, dimensional analysis21, 22 or mixing length argu-
ments give
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and hence in an isobaric boundary layer,
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where y+ = yu s /vw , U + = U/ u s , and C1 is a constant that, in
principle, depends on the inner extent of the logarithmic region. It
will be assumed to have a universal value of 5.25. If the tempera-
ture variation is known, either by measurement or by assuming the
validity of Crocco’s law, the integral in Eq. (4) may be evaluated.
Furthermore, since the appropriate velocity scale for the inner and
outer regions of the boundary layer is ( q w / q )1/ 2u s , we expect the
mean (and ¯ uctuating) velocities to scale with this variable if the
¯ ow is self-preserving. Note that when the temperature±velocity
relationship is assumed as given in Eq. (1), the integral I +

2 can be
evaluatedanalytically (when r = 1 the result is the well-known van
Driest transformation).

Equilibriumsupersonic¯ ows appear to followthese relationships
closely, as indicated by the extensive comparisons with data given
by Fernholz and Finley.3 When the ¯ ow is not in equilibrium, as
may occur downstream of a step change in wall heat transfer, the
measured temperature±velocity relationshipmay be comparedwith
Crocco’s law to determine the degree to which the ¯ ow is out of
equilibrium.By comparing the transformedvelocity pro® le (the ve-
locity scaled by the density-weightedfriction velocity) to the well-
establishedsimilarity laws for the velocity ® eld, the degree of equi-
librium achieved by the velocity ® eld may also be determined.

Now it is also possible to derive a form of Crocco’s law for per-
turbed ¯ ows if an equilibriumor self-preservingregion can be iden-
ti® ed. Such a region may exist within the internal layer, and one
criterion for the existence of a self-preserving region could be the
appearance of a logarithmic velocity variation within the internal
layer. In fact, Smits and Wood1 give examples of boundary layers
perturbed by changes in pressure gradient, wall curvature, and wall
roughness where logarithmic velocity pro® les have been observed.

The time scale for the relaxation of the velocity ® eld down-
stream of the perturbation and for the adjustment to continually
changing conditions varies approximately as the turbulent kinetic
energy divided by the rate of its production.23 That is, the relax-
ation time varies approximately as (@U/ @y) ¡ 1. The ¯ ow near the
wall, therefore, adjusts relatively quickly, and a limited region of
self-preserving ¯ ow may occur. A similar argument can be made



DEBI ÁEVE ET AL. 53

for the relaxation rate of the temperature ® eld, bearing in mind that
the Prandtl number is not unity so that the physical extents of the
velocity and temperature layers are not identical. [For the velocity
® eld, u s = q2/ ( ¡ u 0 v 0 @U/@y), and by analogy for the temperature
® eld, Ts = T 0 2/ ( ¡ v 0 T 0 @T / @y).] Within this self-preservingpart of
the boundary layer the velocity and temperature ® elds may display
a logarithmic variation, and the total stress is then expected to be
approximately constant over the same region.

Now, if we can identify a regionof constantstress, and we assume
a constant but arbitrary value of the mixed Prandtl number, it is
possible to obtain for y < ys , where ys lies in the constant stress
region, a Crocco’s law for perturbed ¯ ows of the following form
(following van Driest19; see Ref. 24 for details):
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where Ms = Us / p ( c RTs ), M2
s = u2

s / ( c RTw ), and Us = U (ys).
Equation(5) can be applied to perturbed¯ ows thatdisplaya constant
stress region. Furthermore, in the region where molecular transport
processescanbeneglected(y À yv ) andwhere the stressis constant,
Eqs. (3) and (4) still apply as long as the scaling is based on the
localwall values. Thus, Eqs. (4) and (5) completelyde® ne the mean
velocity and temperature ® elds for yv ¿ y < ys .

If we assume that the presence of a logarithmic velocity pro-
® le indicates the presence of a constant stress region (this does not
necessarily follow, but for the present purpose it may be a reason-
able approximation), then Eq. (5) may be used to determine the
heat transfer at the wall by ® tting the curve to the data in the re-
gion yv ¿ y < ys . This method for ® nding the friction temperature
Ts ( ´ qw / q w C pu s ) is similar to the Clauser method for ® nding the
friction velocity u s from the measured velocity pro® le (see Ref. 25
for a discussionof the Clauser chart method in supersonicboundary
layers with and without strong perturbations).

The procedure for obtaining the skin-friction and heat transfer
coef® cients from the experimental pro® les follows an iterative so-
lution of Eqs. (4) and (5). First, an estimate for u s is found by ® tting
the experimental velocity and temperature data to Eq. (4) in the
logarithmic region. The extent of the logarithmic region may not
be known a priori, and choosing the experimental points for the
curve® t becomes part of the iteration procedure. Second, this esti-
mate for u s is used in ® tting Eq. (5) to the measured temperature
and velocity data for y < ys , thereby deriving an estimate for Ts .
Third, the estimate for Ts is used to curve® t the experimental pro-
® le of T / Tw , whereby enabling a better estimate for u s to be found
using Eq. (5). In practice we found that the ® rst estimates for u s

and Ts were always within 1% of the ® nal values, and an iteration
was unnecessary. It should, in principle, also be possible to ® nd
Prm using this iterative procedure. In practice, the estimates of Ts

and Ch are rather insensitive to the value of Prm , which makes it
dif® cult to ® nd Prm accurately from the data. In accordance with
previous experience (see, for example, Ref. 3), it was then assumed
that Prm = 0.86 for all data reduction. In contrast, the constant C3

need not be known a priori and may be found from the data with
reasonable accuracy.

To express the temperature pro® le in the more familiar logarith-
mic form, we note that Eq. (5) may be rewritten using a turbulent
total temperature Ti similar to that suggestedby Michel et al.26 and
de® ned by Ti = T + (Prm /2C p)U 2. This leads to
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where T +
i = ¡ Ti / (Ts Prm ) and C3 againdependson the inner limits

of the logarithmic region. It will also depend on the Prandtl number
and the ratio of the wall temperature to the recovery temperature
Tw / Tr (Ref. 24). Michel et al.26 found that C3 = 3.6 for their ¯ ow
conditions.

Turbulence Scaling

The same arguments used to establish Eq. (4) can also be used
to derive a scaling for the velocity pro® le based upon outer ¯ ow
parameters, e.g., d . In this case, the scaling will apply to the region
of the boundary layer between the viscous region and the bound-
ary layer edge. An integral expression analogous to Eq. (4) can be
written as3
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where g ´ y/ d .
Now consider the turbulence shear stress s in a compress-

ible, turbulent boundary layer expressed as s = ¡ q u 0 v 0 . Using
the classical mixing length arguments, we can write s / s w =
(Tw / T )(l2/u2
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This analysis will apply to the ¯ ow in the outer region of the
boundary layer, and if l/ d and @g/ @g are universal functions of
g , then it follows that s / s w is also a universal function of g . Fur-
thermore, s w then becomes the proper scaling for s , and also for
the turbulence intensities if the anisotropy of the ¯ ow is similar to
its subsoniccounterpart.This considerationleads to the well-known
representationdevelopedbyMorkovin11 forexaminingthein¯ uence
of the Mach number on the Reynoldsstresses: ( Åq u 0 2/ s w ) = f (y/ d ).
There, the variation in density in Eq. (10) was from the Mach num-
ber gradient in the boundary layer.Here, the density variationis also
affected by the heating at the wall.

Results
Mean Flow

The effect of heating on the boundary-layer integral scales is an
increase of 33% in the displacement thickness d ¤ and a decrease of
10% in the momentum thickness h , which results in a 40% increase
in the compressibleform factor.The valueof d used in the following
® gureswas chosenas the pointwhere the totalpressurereached98%
of the freestream value.

Two total temperature pro® les in the heated boundary layer are
given in Fig. 2. The pro® les were measured at positions of 8 and 46
cm downstream of the beginning of the heated wall. The internal
thermal layer grows relatively rapidly such that at x = 8 cm it ® lls
about half the boundary layer, and by x = 46 cm the temperature
and the velocity layers are almost coincident. A comparison with
Crocco’s law [Eq. (1)] indicates that the boundary layer at x = 8 cm
is strongly perturbed by the heating and by x = 46 cm has not yet
reached equilibrium (Fig. 3). For a lower heating (Tw / Tr = 1.5),
equilibrium with temperature is yet reached in this last section. In
contrast, far from the wall, the velocity pro® les indicate that the
temperature ® eld has only a mild effect on the velocity distribution.

The iterative solution described in detail earlier was used to ® nd
the variations of wall friction and heat transfer along the plate. This
process requires ® tting the experimental data to analytical relation-
ships. Figures 4 and 5 show the ® ts of velocity and temperature
data with the logarithmic law of Eq. (4) and Crocco’s law, respec-
tively. The coef® cients C f and Ch were then obtained from the
iterative solution of Eqs. (4) and (5). The results are plotted in
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Fig. 2 Total temperature pro® les at x = 8 and 46 cm.

Fig. 3 Comparison of measured temperature and velocity data with
Crocco’s law [Eq. (1)] at x = 8, 32, and 46 cm.

Figs. 6 and 7. The effect of heating is clearly seen to reduce the
skin-frictionand heat transfer coef® cients, regardless of the level of
relaxation. However, heating will change the ¯ uid properties near
the wall. Then, if we assume that the skin-friction coef® cient fol-
lows the same relation as that found for adiabatic ¯ ows, provided
that the density and viscosity are evaluated using near-wall condi-
tions rather than external conditions,27 C f / R ¡ 1/ 5

h i g(T¤ / Te), where
Rh i is the Reynolds number based on the momentum thickness h i ,
g = [( l ¤ / l e)

1/ 5/ (T¤ / Te)], where the asterisk corresponds to a ref-
erence temperature28 and l (T ) is the viscosity, we ® nd that most of
the differences in C f observed due to heating are due simply to the
change in ¯ uid properties.

The argument is similar to that advanced by Monaghan28 and
Hinze29 to explain the decrease in C f with Mach number for adia-
batic ¯ ows. In that case also, the increase in Mach number increases
the ratio between the wall and external temperatures, and the re-
sulting change in the ¯ uid properties is suf® cient to explain the
observed decrease in C f . Application of this formula in the heated
case, although it underestimates C f , gives the most part of the ob-
served decrease in C f . The difference with the observed value can
be attributed to the fact that the formula can be applied only to
equilibriumturbulentboundary layer and without the least pressure
gradient. A similar argument can also be made for the heat transfer
coef® cient. Finally, it appears that the Reynolds analogy factor S

Fig. 4 Semilogarithmicrepresentation of transformed velocity pro® les
at x = 32 cm with u¿ adjusted to give the best ® t to the log-law [Eq. (4)].

Fig. 5 Temperature± velocity pro® les at x = 32 cm with T¿ adjusted to
give the best ® t to Eq. (5).

is out of equilibrium: it decreases continuouslyand reaches a value
of about 1.5 near the end of the test section, when a classical value
is 1.24. The skin-friction coef® cients were also determined using
the momentum integral equationand the values were within 10% of
those shown in Fig. 6.

The velocity and temperature pro® les near the wall are given in
Figs. 4 and 8 in semilogarithmic form. When the velocity pro® le
near the wall is scaled on density, the variation in density due to
the combined effect of compressibility and heating simply alters
the velocity scale for the velocity pro® le without introducing any
explicit effects due to the strong heating. That is, there is no effect
of buoyancysince in a supersonic¯ ow it is the kinetic energy that is
important.Furthermore,the relaxationof the temperaturepro® le and
the largeextentof the logarithmicregionare clearlyevident in Fig. 8.
For this ¯ ow, we found the constant C3 to be approximately equal
to 3.0, which is a little lower than the value found by Michel et al.26

Finally, the velocity distribution in the wake region is presented in
Fig. 9. The success of the scaling used in this region supports the
turbulence scaling discussed earlier.

Turbulence
Previous laser Doppler anemometry (LDA) measurements of the

longitudinal velocity ¯ uctuations in the same ¯ ow30 are shown in
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Fig. 6 Distribution of skin-friction coef® cients for three different wall
temperatures.

Fig. 7 Distribution of heat transfer coef® cients for three different wall
temperatures.

Fig. 10.The dashedline representsthemeasurementsbyKlebanoff31

in an unheated, incompressibleturbulentboundary layer. In this ® g-
ure, the velocity ¯ uctuations are scaled using Morkovin’s represen-
tation. This scaling has been shown experimentally to be generally
applicable over a wide range of Mach numbers (0 < Ma < 5) and
also, as expected from the previous analysis, appears to take into
account the effects of wall heating. That is to say that the effects of
heatingare similar to theeffectsofMachnumber: thedatacanbe col-
lapsed using a scaling based solely on ¯ uid propertyvariations.The
disagreementbetween the two measured pro® les is likely due to the
dif® cultyassociatedwith accuratelydeterminingtheboundary-layer
thickness in this perturbed ¯ ow. That is, the boundary-layer edge
becomes obscured as gradients in the boundary layer become indis-
tinguishable from gradients in the external ¯ ow near the boundary-
layer edge.

The in¯ uence of the wall heating on the ¯ uctuations in the total
temperature are shown in Fig. 11. The increase in the turbulence
intensity of the total temperature ¯ uctuations with heating is large,
and the growth of the thermal boundary layer is clearly evident. It
is not obvious at ® rst how these pro® les scale. One possibility is
the temperature difference (Tw ¡ T0e), but in an adiabatic ¯ ow this

Fig. 8 Semilogarithmic representation of temperature pro® les at x =
32 cm for = 1.5 and 2.0.

Fig. 9 De® cit law representation of the velocity pro® les at x = 46 cm.

Fig. 10 Longitudinal velocity ¯ uctuations at x = 32 cm (Ref. 24).
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Fig. 11 Total temperature ¯ uctuations at x = 32 cm.

Fig.12 Excess total temperature ¯ uctuationsatx = 32 and48cm scaled
by the temperature difference.

temperature difference is small and total temperature ¯ uctuations
are still signi® cant, and therefore this scaling does not seem appro-
priate for adiabatic ¯ ows. However, with a heated wall this scaling
may be useful, as long as we consider the increase in the ¯ uctua-
tion level in the heated ¯ ow (h) relative to the adiabatic case (aw ).
Hence, by analogywith the turbulentvelocityscaling,we can de® ne
a new nondimensional rms total temperature ¯ uctuation level:

h 0 = Ï T 0 20
ê
ê h ¡ Ï T 0 20

ê
ê aw

Tw ¡ T0e

(12)

This scaling appears to give a reasonable collapse of the experi-
mental data, as may be seen in Fig. 12.

For the turbulent heat transfer, we are interested in the behavior
of the transverse heat ¯ ux ( q v) 0 T 0 . Unfortunately, this is a dif® cult
quantity to measure directly, particularly under our experimental
conditions. Some indication can be given, however, by examining
the behavior of the longitudinal heat ¯ ux ( q u) 0 T 0 . From Fig. 13,
it appears that the correlation coef® cient ¡ RuT is not signi® cantly
affected by the heating. The correlation remains almost unchanged
from its adiabatic value in a supersonic ¯ ow of 0.8±0.9. This value
may becomparedwith a typicalvalueof 0.4±0.5 in a heatedsubsonic
¯ ow.

Fig. 13 Velocity± temperature correlation at x = 32 and 48 cm.

Fig. 14 Pro® les of the strong Reynolds analogy at x = 32 cm.

This high degreeof correlationbetween the velocityand tempera-
ture (even though the ¯ ow is heated) suggests that the instantaneous
scales of u and T are connectedby a relationshipsuch as T = f (u).
In an adiabatic ¯ ow, for example, an instantaneouslaw of this form
is supplied by the thermodynamic hypotheses T 00 = 0, which lead
to the expression of the SRA:

( c ¡ 1)Ma2 Ï u 0 2/ ÅU

Ï T 0 2/ ÅT
= 1

and

RuT = ¡ 1

In heated ¯ ows where T 0 20 is not negligible (Fig. 11), this hypothesis
cannot be used.

When the distributions ÅT (y) and ÅU (y) areknown, a mean relation
ÅT = g( ÅU ) may be established.A linearizationfor small ¯ uctuations
can then be obtained with the aid of a mixing-length style gradient

scheme, p u 0 2 = lu@ ÅU /@y and p T 0 2 = lt @ ÅT @y, or in a direct
linearization of the mean law ÅT = g( ÅU ). In the case of lU (y/ d ) =
lT (y/ d ), that is, when the Prandtl number de® ned in terms of u 0 2
and T 0 2 is equal to unity, the two methods lead to the same result:
the SRA.32 For a direct linearization of the mean relationship ÅT =
g( ÅU ), similar mixing length arguments are necessary. This second
methodcanbe foundin CebeciandSmith,33 who linearizedCrocco’s
simple law (recovery factor is unity). To evaluate the in¯ uence of
wall heating on the SRA, we can linearize Crocco’s modi® ed law
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(recovery factor different from unity), which explicitly includes the
heating parameter Tw / Tr :

( c ¡ 1)Ma2u 0 / U

T 0 / T
= ¡ {r + ( Tw

Tr
¡ 1)

£ [ 1 + r Ma2
e ( c ¡ 1)/ 2

Ma2
e ( c ¡ 1) ]( 1

U/ Ue ) }
¡ 1

(13)

Here, the second term on the right-hand side introduces the in¯ u-
ence of heating.This term also depends on y/ d through the velocity
pro® le, U/ Ue , which has a slight dependence on the heating. In
adiabatic ¯ ows, the right-hand side reduces to the recovery factor,
r = 0.89. But in the case where Tw / Tr := 2, we can expectthat, for a
pointlocatedin themiddleof the layer, the right-handsideofEq. (13)
will be reduced by a factor of about 2 with respect to the adiabatic
value.The hot-wiredata show this decreasefrom the adiabaticvalue
(Fig. 14). However, the overestimateof the velocity¯ uctuationsby a
hot wire in the heated case leads to an overestimateof this ratio, and
the data are not accurate enough to verify the validity of Eq. (13).

Conclusions
The mean and ¯ uctuating velocity and temperature ® elds were

measured in a supersonic turbulent boundary layer experiencing a
step change in wall temperature. To describe the adaptation of the
boundary-layer ¯ ow to the new conditions at the wall, a scaling
based on mixing length arguments was proposed.

For the outer region of the boundary layer, a deviation from
Crocco’s law was observed,and the recoveryof this relationwas not
yet complete at a position 50 d 0 downstream of the start of heating.
However, the temperature ® eld appeared to have had little effect on
the velocity ® eld in this same region of the boundary layer. Near
the wall, that is, in the internal layer, logarithmic variations in the
mean velocityand temperaturepro® les were foundwhen the scaling
arguments took into account the new values of density and friction
velocity. Similarly, the change in ¯ uid properties at the heated wall
can explain the observed decrease in the skin-frictionand wall heat
transfer coef® cients.

A scaling of the Reynolds stresses was suggested following the
same arguments proposed for the mean ¯ ow® eld, that is, a mixing
lengthhypothesis.This scalingwas ® rst developedto accountfor the
effects of Mach number in a supersonicturbulentboundary layer on
an adiabatic wall. With this scaling, the streamwise Reynolds stress
pro® le for the boundary layer on the heated wall collapsed onto
the upstream pro® le. A gradient hypothesis was used to scale the
total temperature ¯ uctuations.This also resulted in a collapseof the
pro® les. Finally, the correlation between velocity and temperature
¯ uctuations appeared unaffected by the heating at the wall.

In general, the observedchanges in the boundary layer due to the
heating can be explained in terms of variations in ¯ uid properties
and the new boundary conditions at the wall.

Acknowledgments
The support of the Of® ce de National d’ Etudes et de Recherches

Aerospatiales and the Direction des Recherches, Etude et Tech-
nique is gratefully acknowledged, as are the useful comments by
J.-P. Dussauge. This paper was written while A.J.S. was Professeur
InvitÂe at the UniversitÂe d’ Aix-MarseilleII andwhile D.R.S. received
support under U.S. Air Force Of® ce of Scienti® c Research Grants
90-0127and 89-0420,monitoredby L. Sakell and J. M. McMichael,
and from the Centre Regionaldes OeuvresUniversitaireset Sociales
while visiting the Institutde MecaniqueStatistiquede la Turbulence
as a Chercheur Post-Doctorant.

References
1Smits, A. J., and Wood, D. H., ª The Response of Turbulent Boundary

Layers to Sudden Perturbations,º Annual Review of Fluid Mechanics, Vol.
17, 1985, pp. 321±358.

2Alving, A. E., Smits, A. J., and Watmuff, J. H., ª Turbulent Boundary
Layer Relaxation from Convex Curvature,º Journal of Fluid Mechanics,
Vol. 211, Feb. 1990, pp. 529±556.

3Fernholz, H. H., and Finley, P. J., ªA Critical Commentary on Mean
FlowData forTwo-DimensionalCompressibleTurbulentBoundaryLayers,º
AGARDograph 253, May 1980.

4Fernholz, H. H., and Finley, P. J., ªA Further Compilation of Compress-
ible Boundary Layer Data with a Survey of Turbulence Data,º AGARDo-
graph 263, Nov. 1981.

5Laderman, A. S., and Demetriades, A., ª Mean and Fluctuating Flow
Measurements in the Hypersonic Boundary Layer over a Cooled Wall,º
Journal of Fluid Mechanics, Vol. 63, No. 1, 1974, pp. 121±144.

6Voisinet, L. P., and Lee, R. E., ª Measurements of a Mach 4.9 Zero
Pressure Gradient Turbulent Boundary Layer with Heat Transfer,º Naval
Ordnance Lab., NOL TR 72-232, 1972.

7Delery, J., ª Etude experimentale de la re¯ exion d’ une onde de choc sur
une paroi chauffÂee en prÂesence d’ une couche limite turbulente,º Recherche
AÂerospatiale, Vol. 1, Jan.±Feb. 1992, p. 1.

8Kubota, T., and Berg, D. E., ª Surface Roughness Effects on the Hyper-
sonic Turbulent Boundary Layer,º California Inst. of Technology, Rept. AD
A 042141, Pasadena, CA, 1977.

9Antonia, R. A., and Luxton, R. E., ª The Response of a Boundary Layer
to a Step Change in Surface Roughness. Part 1Ð Smooth to Rough,º Journal
of Fluid Mechanics, Vol. 48, July 1971, pp. 721±761.

10Antonia, R. A., and Luxton,R. E., ª The Response of a Boundary Layer
to a Step Change in Surface Roughness. Part 2Ð Rough to Smooth,º Journal
of Fluid Mechanics, Vol. 53, May 1972, pp. 737±757.

11Morkovin, M. V., ª Effects of Compressibility on Turbulent Flows,º
MÂecanique de la Turbulence, edited by A. J. Favre, Centre National de la
Recherche Scienti® que, Paris, 1962, pp. 367±380.

12Bradshaw, P., ª The Effect of Mean Compression or Dilatation on the
Turbulence Structure of Supersonic Boundary Layers,º Journal of Fluid
Mechanics, Vol. 63, 1974, pp. 494±464.

13Dussauge, J.-P., Fernholz, H., Finley, P. J., Smith, R. W., Smits, A. J.,
and Spina, E. F., ª Turbulent Boundary Layers in Subsonic and Supersonic
Flow,º AGARDograph AG-335, July 1996.

14Dupont, P., ª Etude experimentale d’ une couche limite turbulente super-
sonique sur paroi fortement chauffee,º ThÁese, UniversitÂe d’Aix-Marseille II,
Marseille, France, 1990.

15Gaviglio, J., ª Sur les methodes de l’ anÂemometrie par ® l chaud des
Âecoulements turbulents compressibles de gaz,º Journal de MÂechanique Ap-
pliquÂee, Vol. 2, No. 4, 1978, pp. 449±498.

16Dupont, P., and Debieve, J.-F., ªA Hot-Wire Method for Measuring Tur-
bulence in Transonic or Supersonic Heated Flows,º Experiments in Fluids,
Vol. 13, 1992, pp. 84±90.

17Barre, S., Dupont, P., Arzoumanian, E., Dussauge, J. P., and Debieve,
J. F., ª Some Recent Developments in Constant Current Hot-Wire Anemom-
etry forTurbulentSupersonicFlows,º Thermal Anemometry, Vol. 167,edited
by D. E. Stock, S. A. Sherif, A. J. Smits, and J. Davidson, Fluid Engineering
Div., American Society of Mechanical Engineers, Washington, DC, 1993.

18Arzoumanian, E., and Debieve, J.-F., ª Un processus programmÂe en
anÂemomÂetrie Áa ® l chaud en Âecoulement supersonique,º L’Onde Electrique,
Vol. 70, No. 2, 1990, pp. 54±59.

19Van Driest, E. R., ª The Turbulent Boundary Layer with Variable Fluid
Properties,º Meeting of the Heat Transfer and Fluid Mechanics Inst., Berke-
ley, CA, 1955.

20Walz, A., ª Compressible Turbulent Boundary Layers with Heat Trans-
fer and Pressure Gradient in Flow Direction,º Journal of Research of the
National Bureau of Standards, Vol. 63B, 1959, pp. 53±70.

21Rotta, J. C., ª Turbulent Boundary Layers with Heat Transfer in Com-
pressible Flows,º AGARD Rept. 281, June 1960.

22Bradshaw, P., ª Compressible Turbulent Shear Layers,º Annual Review
of Fluid Mechanics, Vol. 9, 1977, pp. 33±54.

23Townsend, A. A., The Structure of Turbulent Shear Flows, 2nd ed.,
Cambridge Univ. Press, London, 1976.

24Carvin, C., Debieve, J. F., and Smits, A. J., ª The Near-Wall Temperature
Pro® le of Turbulent Boundary Layers,º AIAA Paper 88-0136, Jan. 1988.

25Smith, D. R., Fernando, E. M., Donovan, J. F., and Smits, A. J., ª Con-
ventional Skin Friction Measurement Techniques for Strongly Perturbed
Supersonic Turbulent Boundary Layers,º European Journal of Mechanics
B, Vol. 11, No. 6, 1992, pp. 719±740.

26Michel, R., Quemard, C., and Durand, R., ªApplication d’ un schÂema de
longueur de mÂelange a l’ Âetude des couches limites turbulentes d’ Âequilibre,º
ONERA, NT. 154, Chatillon, France, 1969.

27Rebuffet, P., AerodynamiqueExperimentale, Vol. 2, Dunos, Paris, 1966,
Chap. 4.

28Monaghan, R. S., ª The Behaviour of Boundary Layer at Supersonic
Speeds,º IAS Preprint 557, 1955.

29Hinze, J. O., Turbulence, McGraw±Hill, New York, 1959, Chap. 7.
30Elena, M., ª Laser DopplerAnemometry in SupersonicFlows: Problems

of Seeding and Angular Bias,º AGARDograph 315, May 1989, Chap. 7.
31Klebanoff, P. S., ª Characteristics of Turbulence in a Boundary Layer

with Zero Pressure Gradient,º NACA TN 3178, July 1954.
32Gaviglio, J., ª Reynolds Analogies and Experimental Study of Heat

Transfer in the Supersonic Boundary Layer,º International Journal of Heat
and Mass Transfer, Vol. 30, No. 5, 1987, pp. 911±926.

33Cebeci, T., and Smith, A. M. O., AnalysisofTurbulentBoundaryLayers,
Academic, New York, 1974, Chap. 3.


